Four dimensional lattice gauge theories (LGT) on discrete groups, Z(N) and the subgroups of SU(2), Q, t, 6 and I, are investigated on the basis of the Migdal approximation.
groups, UO) and 5 U( 2), results in (3c "" 0.92 and 1.9, respectively. The latter value is very close to the crossover point ((3""2) in Creutz's result. The relation between our results and the roughening transition is discussed. § 1. Introduction
It has been indicated in Monte Carlo simulations l ) that the four dimensional 5U(2) lattice gauge theory (LGT 2 ») possesses asymptotic weak coupling limit.
In the region between the strong and the weak coupling, a sharp crossover is observed. *) Theoretical considerations about the origin of this crossover and its nature are expected to provide valuable information about phase structure of QeD and quark confinement.
Similar calculations for
LGT's on discrete subgroups of 5U (2) are made 4 ), 5) and the comparatively large subgroups, i5 (the order h = 48 )4) and I (h = 120), 5) indicate the same crossover structure at (3"-'2 as 5U (2) , where 0= i5/Z (2) and I = i!Z (2) are the octahedral and the icosahedral group, respectively. Especially, the results for I agree with those of 5U(2) over a wide range of coupling constant up to the point beyond the crossover point. 5) Noting this common property between 5U(2) and its discrete subgroups, we will investigate LGT on discrete subgroups by means of the Migdal approximation. 6) We will give a formulation of the Migdal recursion equation in a general way applicable to any discrete groups and will calculate the critical points.
In Monte Carlo simulations,4),5) it is shown that LGT's on discrete subgroups of 5U (2) , Q (quarterniongroup; 11=8), T(h=24; T= T/Z(2) is the tetrahedral *) In the Hamiltonian formalism, the sharp crossover is obtained by means of the strong coupling expansion. 3 ) group), O(h=48) and i(h=120) indicate a single critical point of a first order at j3~ l.3, 2.15, 3.25 and 6.01, respectively. Our calculations, on the other hand, give a critical point for these subgroups at j3c~ l.71, l.96, 1.91 and 1.92, respectively. For the groups without crossover, Q and t, the value of j3c in our calculations situates near a first order critical point of Monte Carlo simulations and for the groups with crossover, 0 and i, the value of j3c is obtained near the crossover point. It suggests that the Migdal recursion equation plays the role of a probe for the crossover point in the low 13 region and that the crossover may be related to some kind of phase transition. Similar results are obtained in four dimensional Z(N)
LGT. 7 ) In Monte Carlo simulations,S) it is known that Z(2), Z (3) and Z (4) LGT indicate a single critical point at 13::' " 0.4, 0.7 and 0.8, respectively and that there exist two critical points j3cI and j3c2 in Z(N) (N~5) LGT; the position, j3cI, of the lower critical point is almost unity and nearly independent of N and the value of j3c2 of the higher one increases rapidly with N; j3c2::'" 1.2, l.7 and 2.8 for Z( 5), Z( 6) and Z ( 8) LGT, respectively. On the other hand, the Migdal approximation gives only a single critical point in the low 13 region (e.g., smaller than five or so). The obtained values for Z (2) , Z (3) and Z (4) LGT are exactly in agreement with the critical point estimated from the self-duality7) and also with the results of Monte Carlo calculations. S ) For Z(N)(N~5)LGT, our results are j3c::'"0.94, 0.93, 0.93 and 0.93 for Z(5), Z (6) , Z (7) and Z (8) theories, respectively and these values and the feature independent of N are in accord with those of the lower critical points j3el-Similarly to the cases of subgroups of SU (2) , the Migdal approximation detects the critical points in the lower 13 region for Z (N) LGT.
We will calculate the critical points of LGT on continuous groups, U(l) and SU (2) , by using the recursion equation which is given in a similar form to the discrete groups. The obtained critical points are 0.92 and 1.9 for U (1) and SU (2) LGT, respectively. The value for U( 1) can be considered as the limiting value of j3cI for N --+ 00 in Z( N )LGT and agrees with the result of Monte Carlo calculations,j3c::'"1.0. S ), 9) For SU (2) , the value, j3c::'"1.9, is near the crossover point and also can be considered to be the limiting value of h -+ large for discrete subgroups. The good agreements in results between the Migdal approximation and Monte Carlo simulations suggest that the Migdal approximation can be a useful means to investigate the phase structure of LGT. Namely, we infer that the Migdal approximation may be an approximation sensitive to some characteristic feature common to these LGT.
In § 2, we will apply the Migdal approximation to LGT on discrete groups and give the recursion equation. In § 3, the irreducible characters of Z( N) groups, necessary to calculate the recursion equation, will be presented and the calculation of the critical points of Z( N )LGT will be made for } . ./ = 2 ~ 8. As the limiting case N--+oo, the critical points of U(l)LGT will be estimated. In the latter half of § 3, the irreducible characters of Q, t, 6 and 1 will be shown and the critical points for these groups will be calculated. SU (2) LGT will be investigated. In § 4, some discussions about the results and a consideration about the Migdal approximation will be presented. The relations between our results and the roughening transition will be discussed. loH2 ) § 2. The Migdal approximation to LGT on discrete group
Recursion equation for the partition function
We define the action of LGT 
where h denotes the order of G and i = 1. "', S, since the number of irreducible representations is the same as that of the classes in the discrete group. 
Equation ( 
Taking logarithm of (2 '19),
and operating a (s-1)x(s-1) inverse matrix (A~l)ja of (A)a:; (a=i=l, j=i=1), we obtain 
is the main result of this subsection.
Critical points
For the theory defined in (2'1) and (2·2), critical points are calculated as follows. If F(L, a), (2'9) , is specified by only a single parameter /3io=/3 (e.g.,
Z(2) or Z(3)
LGT), besides normalization parameter /30, the critical points /3c can be obtained as the fixed points, 
/3,(L)-O.
(1-2" s, 1 =\= 10) The explicit form of /3c is given by
In this section the critical points for ZeN)
LGT and the LGT on the discrete subgroups of SU (2) are calculated by the Migdal recursion equation obtained in the previous section. Similar calculations for U(l) LGT and SU (2) LGT are also presented.
To perform the calculations, the explicit form of the irreducible characters The following relations for the discrete groups are useful for obtaining the irreducible characters.
where an integer h is the order of group C and s is the number of inequivalent irreducible representations. b) The number of inequivalent irreducible representations of group C is equal to the number, s, of conjugate classes of C. Therefore both numbers are written by the same integer s. c) The characters satisfy the following orthogonalities:
Downloaded from https://academic.oup.com/ptp/article-abstract/66/3/1025/1834235 by guest on 15 February 2019 (3'3b) where Pa is the number of elements contained in conjugate class Ca.
In our notation, i = 1 representation is the principal representation (Xl (a) = 1 for any a).
where sum is taken about y over classes and not taken about i. d p is the class constant defined by where C a = al + a2 + ... + a Pa . It is a formal sum about all elements in class a, and a product CaC p is defined as CaCp=~i,jaibj. dp indicates the number how many times C, appears in the product C aC p.
Z( N) lattice gauge theory
The Abelian group Z( N) is the center of 5 U (N) and has h = N elements as, 
for a class a and an irreducible representation i. Therefore
and XI(a)=l and xi(1)=Xi(I)=ni=l for any i.
Using these characters, we obtain the following equations for (3'8) which contain N parameters ((30, (32, ... , (3N) . Using N recursion equations (2'11) and (2·12), /3i(?iL)'s (i=2, ... , N) are solved as .
Using (3' 7) and (3'11), we obtain
We will introduce H(a)="'E.j\~IXj(a){F~(LW·2/N. Using (3'7) and (3·13), we obtain
H(N -(a-2»= H(a).
Using (3'7) and (3'14), we finally obtain
Therefore F()'L, a) also becomes real. Hereafter we consider the coupling constants redefined as x ~lio(a)j~IXj(a)FAL)ln }~(L)/F(L, Ci)lp;~OU*iO)' LGT There appears one coupling constant except for /30 denoted by /3io~2 == /3. Equation (3'9) becomes
and (3 '17) becomes
(3'19)
The critical point is given by the solution of (3'19) as /3c=(1/2)ln(I +/2)=0.4407. (3'20) It agrees with the result from the self-duality of Z (2) LGT,7l where /3c is the 
= (2/(D-2» "' E, (_l)m{Im+I(/3)+ 1 m -I (/3)}1m(/3)ln{ e-P 1m(/3)},
m=-oo LGT. rapidly with increase of N, and PC2~ 1.2,1.7 and 2.8 for Z(5), Z (6) and Z (8) LGT's,
respectively. U(l)
LGT which is N -->= limit of Z (N) LGT has one critical point PCI~1.08),9) and PC2 becomes = as N-->= limit. Our results for Z(2), Z (3) and Z ( 4) LGT agree with the above values and the results for Z ( N) LG T (N 25) are almost independent of N and are situated near PCI. Our result for U ( 1) LGT is also situated near PC!. These facts suggest that Migdal recursion equation plays a role of a probe for transition from confinement region to nonconfinement region of Abelian LGT.
Lattice gauge theory on the discrete subgroups of 5 U (2)
LGT on the non-Abelian discrete groups Q, i', 6 and 1, which are subgroups of 5 U (2), will be investigated. 5 U (2) LGT will be also investigated. The classification and the irreducible characters of these groups are obtained as follows and shown in Tables I ~ IV.
0) Q (1z=8)
The quarternion group has h = 8 elements as shown in Table I Table I . Irreducible characters of Q.
Xs class element e ~ 
C3
C.
irreducible characters are obtained by (3'3) and (3, 4) .
(ii) t (h=24) The factor group T= t/Z (2) is the tetrahedral group. Two dimensional X. (6/2)'ni) , where ki(i=1~4) and ni(i=l ~ 3) are the rotation axes of tetrahedron, connecting a vertex with the center of the opposite face and connecting the center of opposite sides of tetrahedron respectively. If u= e,lPa'r/Z, transformation of v due to uE G becomes '6( /2) . (3'28) where q'=-2sin ~cos ~(qxr)+cos2 ~q+sin2 ~(2(q'r)r-q).
Namely, the rotation angle 8 does not change by such similarity transformation. So the elements which have the different rotation angle 8 do not belong to the same class. If q' becomes -q after transformation, we obtain 8 .. 8
(3'30)
Therefore in the case that the transformation q' = -q exists, the class having rotation angle 8 and the class having rotation angle (4J[ -8) belong to the same class. There are seven classes and due to b) of § 3.1 there are seven irreducible representations. According to (3.1) and (3' 2), the dimensions of these irreducible representations are 1, 1, 1, 2, 2, 2 and 3. The irreducible characters are obtained by (3'3) and (3'4) .
The factor group 0= 6/Z(2) is the octahedral group. Two dimensional representations of the elements denoted by ai, bi and Ci in Table III are exp( i(2n /3)(6/2)'[;), exp(i(n/2)(6/2)'mi) and exp(in(6/2)'n;), respectively, where [;(i = 1 ~4), mi( i= 1 ~3) and ni( i= 1 ~6) are the rotation axes of octahedron connecting the center of the opposite faces, connecting the opposite vertices and connecting the center of the opposite sides respectively. There are eight classes and eight irreducible representations. The dimensions of these irreducible representations are 1, 1,2,2,2,3,3 and 4. The irreducible characters are obtained by (3'3) and (3·4).
(iv) I (h=120)
The factor group 1= l!Z(2) is the icosahedral group. Two dimensional representations of the element denoted by ai, bi and Ci in Table IV 
(v) Critical points
We will calculate the critical points of the coupling constant Pi o which are associated with io representation of discrete subgroups whose elements are contained in the fundamental representation of SU (2) (vi) SU (2) LGT
The irreducible characters of SU (2) T, 6, j and SU (2) LGT.
have crossover and the crossover points are situated near 2 similarly to SU (2) LGT. As shown in Fig. 2 , critical points in our results for Q and t are situated near critical points of a first order, while those for i5 and 1 are situated near the crossover point rather than first order transition point. Critical point for SU (2) LGT also is situated near a crossover point. These results suggest that the Migdal recursion equation plays a role of a probe for crossover point in nonAbelian LGT. Moreover crossover point does not change with increase of the order of group while first order transition point increases with increase of the order of group and disappear in SU (2) of h--->large limit. These facts suggest that crossover point seems to correspond to lower critical point !3cl LGT, which is expected to be the higher order critical point. We denote the lower points as PCI and the higher critical points as PC2. The values of pc in the Migdal approximation are near the critical points of Pc:::o: l.5/ (1-cos( 2J[/N) ) :::0:0.75, 1.0 and 1.5 for Z (2) , Z (3) and Z (4) LGT, respectively and near the lower point PCI for the larger groups. The feature that the Migdal approximation detects the structure in the lower P region is similar to the cases of the four dimensional Abelian and non-Abelian LGT. LGT, the critical points in the lower /3 region, /3:S 1, are expected to be due to the magnetic Z( N) vortex condensation. 15 ).16) If the Migdal approximation detects this structure, the crossover points at p:::o:2 in 6, 1 and SU (2) LGT are expected to be due to the Z(2) magnetic vortex condensation. Further investigations about crossover structure will be necessary to affirm this.
Another possibility is the roughening transition.IO)~12) In the Migdal approximation, the correlations among plaquettes which are situated in the distinct planes are neglected as seen in (2) (3) . One might infer that the recursion equation detects the long range correlation between plaquettes in the parallel planes. If this is the case, the roughening transition may be detected in the Migdal approximation.
The Wilson loop evaluated to the higher order for the three dimensional LGT is equivalent to the SOS (solid on solid) model which indicates the roughening transition. I I) Using this equivalence, the roughening points of the three dimensional LGT are estimated and their values are near those obtained in the strong coupling expansion. 12 ) Assuming this equivalence for the four dimensional model, we obtain the roughening points for the four dimensional LGT on It should be noted that in general these points are different from the points on critical surfaces in which all points converge to fixed points by successive renormalization transformation. However the coincidence between the position of the critical points in this paper and the position of lower critical points or crossover points in Monte Carlo calculations suggests that it deserves further investigations about the physical meaning of the relation between our method and the mechanism of crossover phenomena. The analyses about the trajectories of renormalization group are now in progress. There are following differences between our analysis and the original Migdal's analysis of SU (2) LGT. (1) Action is expanded by the characters in ours and it is given by the power series of field variable e in Migdal's paper. (2) We adopted (2·33) and (2·34) to determine /3c. We, however, do not consider the appearance of /3c means the true phase transition, especially in non-Abelian
LGT (discrete subgroups of SU (2) and SU (2) ). Rather, hopefully our method in § 2 provides a sensitive approximation to the crossover phenomena in nonAbelian cases, because of the coincidence stated above. Investigations about these problems are left as the future task.
